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Summary. It is shown that to give a constitutive tensor for the vacuum is to give a conformal
structure to space-time.

To formulate laws of electromagnetism one first has to specify a constitutive
tensor y* . Once y is specified, Maxwell’s equation reads: dF=0, and d=F=j,
where

G F)o= 70 Fa -
We shall assume that, in a vacuum. the =-operator satisfies
(1) swAau=wA=u, (u,w —two-forms)
(11) - wl=—1
Under these assumptions we shall prove that to give such a “x™ is the same as (o
give a light-cone structure.

DeFINITION. Let E be a 4-dimensional real vector space, and let (w;);—1, 2.3 be
a system of linearly independent bivectors w; € A2 (E), such type waw,;=0 (i, j=
=1.2.3). The system (i) is said to be of type I if and only if there exists 0#e € E,
such that wA w; =0. Otherwise (1) is said to be of type Il.

LEMMA L. A svstem (w;) is of tvpe I (resp. type 1) if and only if there exists
a basis (¢,)y-0,1,2.3 in E such that

(1) W, =Wy A€

. €
resp., (i) Wi= 8 ¢;A 0 where e=+1 or —1..

Proof. Clearly (i) implies that (w;) 15 of type I. Conversely, if (w;) is of type L.
and ¢, A w,; =0, then w,=wq A €;, and (¢,),-o.....3 1S a basis in E. Suppose now that
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(i1) is satistied. If e Aw; =0, then ¢=0, and so (w;) is of type Il. Conversely, let (i;)
be of type Il. Since w, Aw,=0, there exist linearly independent f; € E, such that
w,=/>n /3, and w,=/3Af,. Let /, be any completion of ( /;) to a basis in E. Since
wyAw, =0, so wy is of the form wiy=(af5+b/3)A 2" f,. The coeflicient a can not
vanish, otherwise f3Aw; =0, contrary to the assumption. But O=w,Aw;=a2" f3A
A LA SN o and so 20=0. It follows that w; is of the form wy=af, A [5+b/\ A [3+
+¢fyA f5. a#0. Define

¢o=/o "1=“I‘Al/2(“./'|_('.f:x)
ery=a " "af,+bfy). ey=a "' /fy,
then

€
Wi= 5 i €A where €= sgn (a).

LEMMA 2. Let (wi, vw,); -y 2. 3 be a basis in A*(E) such that

(1) wiAw;=0,
(1) WA =0,
(i) WA =0, W,  for some  0# WedA*(E).

Then exactly one of the systems (w;), () is of type 1. 1f, sav. (w;) is of type 1, then
there exists a basis (e,) in E such that

1
(a) EW T B €A €,
(aa) e, =egne;.

Proof. Suppose both (w;), and (F;) are of type I. There are bases (¢,), and ( /,)
such that w;=egae;, and W;=/,A f;. Let [,=a, e,. Then Ww;=ag a; e, A e,, and so
Sy W=w,nii=dj a eone;Ae ne. By multiplying by af, we get a,=0, and so

Wi=d) dal eone,=a) @l egne;=ay al w;,
contrary to the assumption of linear independence. We can therefore assume that
(w;) is of type Il, and let (¢,) be a basis for which (a) holds. Now. since 1, A w, =0,
Wy is of the form w,=(Ae, +Be;)aa" e,. We have A#0, otherwise w, AT, =0.
We also have a°#0, otherwise 1, would be a linear combination of w;. Now,

O=mw,Anwy=B a® esnegne, ne,, and so B=0. It follows that i, is of the form
Wy =da} e,ne,. More generally, w;=d! ¢, ne;. But now W Ai;=0 gives
unov —
atdaie, nene ne, =0,
or
. woov
Euiv; & a;=0.
It follows that any three different indices i, j, k: &) ai=d} af, or

1 0 k0O k
dijal =dfja} =a" .
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We now have
k

a
0 ; i -
d) (@ e teg)ne=al ((IO +eteo | nei =0

i

Replacing e, by eo+d* ¢, we get W, =a; e, A e;. Now, since w; AW =w; AT, we gel
@’ =a ¥ a. Replacing ¢, by £ae, we finally get (aa).

i

Limma 3. Let Vo be a 2N-dimensional real wector space with a nondegenerate

symmetric bilinear form (u,7). Let J be a symmetric linear operator in V with J?= —1.
There exist N vectors wy. ...,wy in V such that
(1 (w;, w))=0 |

. o ij=1, .

(i) (e;=Jw,;)=0]

The system {wi Jw; is a basis for V.
Proof. Easy and standard.

Tueorem 1. Let E be a 4-dimensional real wector space, and let x:wis xw be

a linear operator in A*(E) such that

(i) sWAU=WA xU, U, we A(E)
(1) wx=—1.

There exists a basis (e,) in E such that

(%) #(€ N Cp) = ) Expap N1 NT CuN €,

where n=diag (I, —1, =1, —1).

Proof. Fix arbitrary 0s# W e A*(E). and define a nondegenerate symmetric®
bilinear form (w. @) in A2(E) by uane=(u. vy W. Now, with J==, the assumptions
of Lemma 3 are satisfied, and so there exist bivectors w; (i=1, 2, 3) such that w; A w ;=
=sw, A sw;=0, and w; A xw;=0;; W. With ¥, =xw;, the assumptions of Lemma 2
are satisfied. It follows that either (w;) or (=w;) is of type IL If (zw;) is of type II.
then there exists a basis (¢,) such that

1

5

W, =Co A€ wWi= & €A C,

and so. Theorem | holds. If, on the other hand, (w;) is of type Il then the basis
(— ey, ¢;) satisfies the desired relation.

DeFINITION. A basis (¢,) in E satisfying relation (x) in Theorem [ will be
called a =-basis.

THEOREM 2. Any two x bases (e,) and (é,) are related by a transformation of

the form o .
é,=se. L,

where 'Lyl =n, det (L)= 41, and 7.>0. L and /. are wiiquely determined by these
conditions. Conversely, any such transformation transforms w-bases into x-bases.
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Proof. Assume both ¢,. and ¢, satisfy (#). and let é,=e, A,. This leads
immediately to

det (A) €cspe=B% B} €105

where B=y"""'4yA. This implies det (4)>0, B=det (4)'* /. It follows that 'AnA4 =
=det (4)'"2 y, or with s=det (4)~ "%, A=|L, 'LnL=n, and det(L)=1. The rest
of the theorem is obvious.

COROLLARY. Given a s-operator as in Theorem 1, the set of all «-bases is a
transitive homogeneous space for the proper conformal group CO (1, 3).

It follows from the above corollary that a constitutive tensor of the vacuum
cquips space-time with a cone at each of its points. Or, equivalently, determines
a Riemannian metric up to a scaling. This result has no analogue in more than four
dimensions.

This note is a solution of a problem raised in a discussion with Professors R. Haag,
D. Kastler and J. M. Singer.

A S1vuk, DJIeKTPOMATHHTHAA NPOHHIAEMOCTb BAaKYYMa H CTPYKTYpPA CBETOBBIX KOHYCOB

Coaepxanve. B pabore /10ka3aHo, MTO onpelesieHue KOMMOPMHOH CTPYKTYPbl IPOCTPAHCTBA-
BPEMCHI IKCBHBAJICHTHO OIPEICTICHUIO TEH30Pa JIEKTPOMATHUTHON TPOMHIIAEMOCTH  BaKyyMa.



