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I. INTRODUCTION

One of the primary aims of quantum measurement theory is to understand the mechanism
by which potential properties of quantum systems become actual. This is not an abstract
or philosophical problem. Nowadays it is possible to carry out prolonged observations of
individual quantum systems. These observations provide us with time series of data, and a
complete theory must explain the mechanism by which these time series are being generated;
must be able to ”simulate” the natural process of events generation. There are several
methods of approaching this problem. John Bell:j for instance, sought a solution in hidden
variable theories of Bohm and Vigier, his own idea of beables, and also in the spontaneous
localization idea of Ghirardi, Rhimini and Weber?l. More recently, in a series of papers, two
of us (Ph. B. and A.J )3._-5 proposed a formalism that goes in a similar direction but avoids
introducing other hidden variables beyond the wave function itself. Our “Event Enhanced
Quantum Theory” (in short: EEQT) describes a consistent mode of coupling between a
quantum and a classical system, in which a classical system is one described by an Abelian
algebra. We suggest that a measurement process is, by definition, a coupling of a quantum
and a classical system, where transfer of information about quantum state to the classical
recording device is mathematically modelled by a dynamical semigroup (i.e. semigroup of
completely positive and trace preserving maps) of the total system. It is instructive to see
that such a transfer of information cannot, indeed, be accomplished by a Hamiltonian or,

more generally, by any automorphic evolutionsi To this end consider a system described by

1For a discussion of this fact in a broader context of algebraic theory of superselection sectors —

i

cf. Landsman®9¢¢44_ Cf. also the no-go result by Ozawa



a von Neumann algebra A with centre Z. Then Z describes the classical degrees freedom
of the system. Let w be a state of A, and let w|z denote its restriction to Z. Let a; be
an automorphic time evolution of A, and denote w' = o'(w), where the dual evolution of
states is given by af(w)(A) = w(a(A)). Each a; is an automorphism of the algebra A,
and so it leaves its centre invariant: a; : Z — Z. The crucial observation is that, because
the evolution of states of Z is dual to the evolution of the observables in Z, and we have
at(w)|z = at|z(w|z), the restriction w'|z depends only on w°|z. In other words the future
state of the the classical subsystem depends only on the past state of that subsystem and
— not on its extension to the total system. This shows that no information transfer from
the total system to its classical subsystem is possible — unless we use more general, non—
automorphic evolutions. The idea of describing a quantum measurement as a two-way
coupling between quantum system and a classical system occured before to several authors
— we mention only the classical papers by Sudarshan'@" — but never within the completely
positive semigroup approach.

EEQT has several points of contact with other approaches. The mathematical model

- - r

was a result of our studies of the papers of Jauch?'?, Hepp!}, PironiZl? & Gisini®¢ and

Arakil? | and also of the papers by Primas (cf.1%12). It was then found that our master

equation describing a coupled quantum-—classical system is of the type already well known

to statisticians. In his monographs??2} dealing with stochastic control and optimization M.

H. A. Davis, having in mind mainly queuing and insurance models, described a special class
of piecewise deterministic processes that was later found to fit perfectly the needs of quantum

measurement theory, and that reproduced the master equation postulated originally by the

LA
two of us in?.



In?4 it was shown that the special class of couplings between a classical and quantum system
leads to a unique piecewise deterministic process with values on E-the pure state space of the
total system. That process consists of random jumps, accompanied by changes of a classical
state, interspersed by random periods of Schrédinger-type deterministic evolution. The
process, although mildly nonlinear in quantum wave function 1, after averaging, recovers the
original linear master equation for statistical states. The action of the dynamical semigroup

T} is given in term of the process in the following way

T(P,) = /P(t, z, dy)P,,

where P(t,z,dy) is the transition probability function of the process and y — P, is a
tautological map, which assigns to every point y € £ a one-dimensional projector P,. The
main objective of this paper is to provide a probabilistic construction of the process and
discuss some of its properties and applications. The paper is organised as follows. In sec. 11
the formalism for classical-quantum interactions is presented. In sec. III the probabilistic
construction of the PD process is described and some of its properties are analysed. In
sec. IV the classical part of the process is discussed. We also present an example of direct

photodetection. Concluding remarks are given in sec. V.

II. THE FORMALISM

We start by recalling the theorem by Christensen and Evans that describes the most
general form of a generator of a completely positive semigroup of transformations of an
algebra with an notrivial centre. The theorem generalizes the classical results of Gorini,

Kossakowski and Sudarshan2? and of Lindblad?? to the case of arbitrary C*—algebra, and



it states that eseentially the Linblad form of the generator holds also for this more general

case. We quote the theorem for the convenience of the reader?:

Theorem 1 (Christensen — Evans) Let a; = exp(Lt) be a norm—continuous semigroup
of CP maps of a C*— algebra of operators A C B(H). Then there ezists a CP map ¢ of A
into the ultraweak closure A and an operator K € A such that the generator L is of the

form:

L(A) =¢(A)+ KA+ AK. (1)

Let us apply this theorem to the case of A being a von Neumann algebra, and the
maps oy being normal. Then ¢ can be also taken normal. We also have A = A, so that
K € A. Let us assume that «;(I) = I or, equivalently, that L(I) = 0. It is convenient to
introduce H = i(K — K*)/2 € A, then from L(I) = 0 we get K + K* = —¢(I), and so

K = —iH — ¢(1)/2. Therefore we have
L(A) = i[H, Al + ¢(A) — {6(1), A}/2, (2)

where {, } denotes anticommutator.

We now apply the above formalism to the hybrid system which is a direct product of
the classical and quantum mechanical one. The physical idea behind such a model is that
a quantum measurement is to be defined as a particular coupling between a quantum and
a classical system. We continuously observe the classical system, notice changes of its pure
states (we call these changes "events”) and from these we deduce properties of the coupled
quantum system. Details can be found in Ref.@’t". One can think of events as ‘clicks’ of a
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particle counter, sudden changes of the pointer velocity, changing readings on an apparatus
LCD display. The concept of an event is of course an idealization - like all concepts in
a physical theory. Let us consider the simplest situation corresponding to a finite set of
possible events. The space of pure states of our classical system C', denoted by S., has m
states, labeled by o = 1, ..., m. Statistical states of C are probability measures on S, — in
our case just sequences p, > 0,3, pa = 1.

The algebra of observables of C' is the algebra A, of complex functions on S. — in our case just
sequences f,,a = 1,...,m of complex numbers. We use Hilbert space language even for the
description of the classical system. Thus we introduce an m-dimensional Hilbert space H..
with a fixed basis, and we realize A, as the algebra of diagonal matrices F' = diag(f1, ..., fm)-
Statistical states of C' are then diagonal density matrices diag(py,...,pm), and pure states
of C' are vectors of the fixed basis of H.. Events are ordered pairs of pure states a — (3,
a # 3. Each event can thus be represented by an m x m matrix with 1 at the («, ) entry,
zero otherwise. There are m? — m possible events. Let us point out that important here is
the discretness of the classical system not its finitness. We can easily generalize the above
to the case when the classical points form, for example, the set of natural numbers. Then
the classical algebra becomes [*° (uniformly bounded sequences) while statistical states are
positive elements from /' (summable sequences).

We now come to the quantum system. Let ) be the quantum system whose bounded
observables are from the algebra 4, of bounded operators on a Hilbert space H,. In this
paper we will assume H, to be finite dimensional . Pure states of () are unit vectors in
H,; proportional vectors describe the same quantum state. They form a complex projective

space CP(H,) over H,. Statistical states of @) are given by non-negative density matrices



p, with Tr (p) = 1.

Let us now consider the total system T' = ) x C. For the algebra A; of observables
of T" we take the tensor product of algebras of observables of () and C: A; = A4, ® A..
It acts on the tensor product H, ® H, = &I H,, where H, ~ H,. Thus A; can be
thought of as algebra of diagonal m x m matrices A = (aqg), whose entries are quantum
operators: . € Ag, anp = 0 for a # 3. Statistical states of Q x C are given by m x m
diagonal matrices p = diag(ps, ..., pm) Whose entries are positive operators on H,, with the
normalization Tr (p) = >, Tr (po) = 1. Duality between observables and states is provided
by the expectation value < A >,= >, Tr (Anpa)-

We will now generalize slightly our framework. Indeed, there is no need for the quantum
Hilbert spaces H,, corresponding to different states of the classical system, to coincide. We
will allow them to be different in the rest of this paper. Intuitively such a generalization
corresponds to the idea that a phase transition can accompany the event. We denote n, =
dim(Hy).

We consider now dynamics. It is normal in quantum theory that classical parameters
enter quantum Hamiltonian. Thus we assume that quantum dynamics, when no information
is transferred from () to C, is described by Hamiltonians H,, : H, — H,, that may depend
on the actual state of C' (as indicated by the index «). We will use matrix notation and
write H = diag(H,). Now take the classical system. It is discrete here. Thus it can not
have continuous time dynamics of its own.

The coupling of Q) to C'is specified by a matrix V' = (gag), where g, are linear operators:
9o : Hg — Ha. We assume goo = 0. This condition expresses the simple fact: we do

not need dissipation without receiving information (i.e without an event). It plays a crucial



role in the prove of uniqueness of the piecewise deterministic process that is associated to
our master equation. Although the present paper is concerned with the existence and with
the important mathematical properties of the process, the uniqueness is important from the
point of view of the physical interpretation. It tells us that in our case, contrary to the
situation encountered in quantum optics master equations, all the relevant information is
contained in the master equation - so that there is a unique process describing the random
laws governing the individual system under observation. More on this uniqueness vs. non—
uniqueness problem can be found in Ref.éé.

To transfer information from ) to C' we need a non-Hamiltonian term which provides
a completely positive (CP) coupling. As in Ref2 we consider couplings for which the

evolution equation for observables and for states is given by the Lindblad form:

Ao = i 4]+ 32 e Asgse — 5 s Ao ®)
or equivalently:
= =ilHes ol + S st = 5 o) ()
where
Ay = %:géagﬂa- (5)

The above equations describe statistical behavior of ensembles. Individual sample histo-
ries are described by the following algorithm:
Suppose that at time tg the system is described by a normalized quantym state vector 1y and

a classical state a. Then choose a uniform random number p € [0, 1], and proceed with the



continuous time evolution by solving the modified Schrodinger equation
. ) 1
Uy = (—ZHa - iAa)wt

with the initial wave function Yo until t = t1, where t1 is determined by

t1

/Wt; Aa%)dt =D

to

Then jump. When jumping, change o — [ with probability

Pa—p = Hg,@awtlHQ/(wtp Aawtl)

and change

Vi, = b1 = gty /|| 9patn |-

Repeat the steps replacing to, 1o, o with t1, ¥y and (.

This leads to a stochastic process, in which the randomness appears as point events i.e. there
is a sequence of random occurences at random times T} < Ty < ..., but there is no additional
component of uncertainty between these times. It consists of a mixture of deterministic mo-
tion and random jumps. A class of such processes is called piecewise deterministic processes
(PDP);.ZZ!. The motion between jumps is determined by a complete vector field X on the
pure state space E of the total system. The jump mechanism is determined by two further
components: a jump rate A and a transition kernel (). The vector field X generates a flow
¢(t, ) in E, which is given by ¢(t, ) = 7,(t), where 7, (t) is the integral curve of X starting
at point x € E. The jump rate is a measurable function A : £ — R U {0} such that for
any x € E the mapping t — X o ¢(¢, x) is integrable at least near ¢ = 0. The set of those
x € E for which A\(z) = 0 we denote by Ey. The transition kernel @ : B(E) x £ — [0, 1]
satisfies the following conditions:
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a) Q(E,z) =1 VYrekE,

b) Q({z}, ) = 0ifz € E\ Ey and Q({z}, ) = 1 for x € Ey,

c) VI' € B(E) the map z — Q(I', z) is measurable.

Here B(FE) denotes the Borel o-algebra on E. In our case £ = UCP,, o = 1, 2,...,m and

we have the following formulas for X, A and Q:

exp(—iHy — M)V
lexp(—iHy — 5Aa)0[

Xf(p a) = 4

@) |t=0

AW, a) =<, Agtp >

: _ llgsavl 9y
Q(d¢> ﬁa % O‘) - )\(w7 Oé) 6(¢ - Hg,@awH)d¢

if (¢, a) € E'\ Ey and § denotes the Dirac measure.
The triple (X, A\, @) is called local characteristic of the process. Its infinitesimal generator
is given by

Li@) = Xf() + Ma) [[f(y) — F@)Q(dy, 2)

and produces sample paths exactly such as described by the above algorithm.

III. THE PD PROCESS

In this section we present the detailed construction of the process introduced in sec. II
and investigate some of its properties. General references on stochastic processes TS
Probabilistic concepts can be found mégéa
At first we construct a probabilistic space (€2, A) (compareél} for a similar construction for

Markov decision processes). Let €2 be a set of all sequences (%o, xo; t1, Z1; . . .), which are finite

or infinite, and such that to =0, ¢, < t,41, t, € R+ = [0,00], x, € E for all n € N U {0}.
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If a sequence is finite i.e. w = (tg, xo; ..., tn, Tn) then we put

tnt1 =lnto = ... = 00, T4l = Tpg2 = ... = Inp

It follows that €2 can be embeded into an infinite product space ﬁo Q,, where y = {0} x E
and Q, = R, x E. On each Q, we have a natural o-algebra A, given by B(R,) ® B(E).
We define a o-algebra A on Q as (®72,.A4,)|q.

Now let us construct a family of probabilistic measures P, on (£, .A) with respect to an
initial state * € E. They will be determined by the deterministic drift ¢, the jump rate A
and the transition kernel (). Because we want to use the Ionescu Tulcea theorem'gé- we have

to define transition kernels between (€2, A,) and (2,11, An+1). We do it step by step.

On Qg we take the Dirac measure Py = 8,. Let A(t, ) := [i M(¢(s, x))ds and let us define

Km(tb d-'L'l) = Q(dxb ¢(t17 .’L'))

As the transition kernel between (€2, Ag) and (€21,.4;) we take

Pz, By xT)) = //Km(tl,dxl)dFm(tl)

B1 I
for any By € B(R,) and any I'; € B(E). In the second step we define

07 if t1 > 1o
F(tl,ml)(tQ) =
1-— eXp(—A(tQ — tl, .’L'l)), if tl S tg

K(tl,l’l)(t27 dx?) = Q(dl'g, ¢(t2 - t17 .’13'1))

and put

P21(t1, X1, BQ X Fg) = //K(tl,xl)(t% d.’ll'g)dF(tl’xl)(tg)

By T'g

12



It is clear that P is a transition kernel between (4,.4;) and (92, As). In the similar way

we construct higher kernels P, ;. By Ionescu Tulcea theorem there is a unique probabilistic
[0.°]

measure P, on ([T ©,, ®°,A4,) such that for every measurable rectangle A = Ay x A; x
n=0

oo X Ap X Qpy X ... the following identity
PJA] = 8.(Ao) / Pz dty, day) - - / P (o, 2nor; dbn, day)
Ay Apn

is satisfied. It is clear from the above formula that P, is concentrated on @, = {w € Q:
xg= x}, x € E. Moreover P, is measurable with respect to x.
To investigate properties of the above measure let us define a sequence of measurable random
variables

T,:Q% —R, Ty(w) =ty X, UW—F X,(w) = z,
The distributions of T and Xy are Dirac measures concentrated in {0} and {z} respectively.

The distribution dF7p, of Tj is given by
PATy <1 = 1—exp(~At, o))
and the conditional expectation of X; given T} equals to

E[1ix,cry|Th] = Q(T, ¢(Ty, x))

Here 17} denotes an idicator function of a given set. The above equation can be also written

as
dFX1|T1(y|t) = Q(dy> ¢(t7 .’L')),

where the left hand side is the conditional distribution of X;. For arbitrary n € N we have

the following formulas:

0 ift <1,

Em[l{Tn+1§t}|Tn> XTL] -
1 —exp(—A(t—-T,, X)) ift>1T,

13



E:B[l{Xn+1CF}|Xn> Tn—l—l] = Q(F> ¢(Tn+1> Xn))
It follows that P,[Th = 0] = 0so T} > 0 a.s. Because, after a jump, process starts again so

T, < T,4+1 a.s. for every n. This fact can be also derived from the following equality:
PTh1 — T, >s| = E.lexp(—A(s, X,))]

It means that a set of paths with two or more simultaneous jumps has zero probability.
Moreover, because Q({z}, ) = 0 for every x € E '\ Ey so with probability one the process
can not jump to the state it is deterministically approaching. There are no jumps from the
set Fy at all.

Let us calculate some physically interesting probabilities. For example the probability that

there is no jump up to time ¢ equals to

PT, > 1] = exp(— / A(s, z))ds)
Because

P [Ty > t] = P[Th > t] + E 1<y exp(—=A(t — T1, X1)]
and, on the other hand,
PTy >t = P[Lh>tANTy <t] + Pl >tANT) >t
so the probability that exactly one jump happens up to time ¢ is given by

t
Py >t AT <] = / Lusry dFr, (1) /E exp(—A(t — u, 1))dFx, 1z, (ylu) =
0

/Ot [ M, ) exp(=A(u, 2)) exp(—=A(t — v, ))Q(dy, d(u, 2))du

Now let us define a random variable T, = lim,,_.o, T},. For every t < T, we construct the

process x; by putting

Xt(w) = ¢(t — Tk(w), Xk(w)) Zf Tk(w) <t< Tk+1(w)

14



In general we can have the process with the lifetime. We show that in our case, due to the

boundness of the jumping rate, T, = 00 a.s. Let C = sup,cp A(z). Then for every ¢t > 0

sup(1 — exp(—A(t, )) <1 — e ¢
el

Let us fix t and denote C; = 1 — e~¢* which is strictly less then 1. Then
Po[Toi1 <1] = Ellm,<n(1 = exp(=A(t = T, X,))] < C1P[T, < ] < O
by induction. It implies that
RIN{T. <] = Jim RIT, <] = 0
n=0

It follows that x; is defined for all £ € R, and is a cadlag process i.e. possesses right
continuous with left limits paths.
To end the construction of ingredients needed for a Markov process let us introduce a natural
filtration on €, given by F? = 0{X;, s < ¢} and take F° = V;JF?. Let F; and Fo denote
the P,-completion of F and F2 respectively. Because, after a jump, the process evolves
deterministically, so the filtration (F;)o<t<co is right continuous. Thus we arrive at:
Theorem 1.

a) The filtered probability space (2, Fuo, Pr, F3) satisfies the usual hypothesis for every
r el

b) x; is an adapted and cadlag process.

c) (2, Foo, Pry Fi, X¢) is a strong Markov process with infinite lifetime.
Proof: only the Markov property need to be checked. It follows from two basic properties of
x;. The distribution of T} depends only on the current state x; and, after a jump, process
starts again. For more details seeéé.
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Now we show another important property of the process x;, namely the quasi-left-
continuity. Let us define a random set A = {(t,w) : x- # x¢}, where x;- is the left
limit of x;. Then

l/(w; dt, d.’L‘) = Z 1&(87 w)é(s,xs(w))(dt> d.’L‘),

where d(s ) is the Dirac measure on R, x E concentrated in (s, z), is an integer-valued

random measure. It leeds to a simple point process N, given by

N, = v([0, t] x E) Zl{Tn<t}

Because T, = 00 a.s. so Nt is a.s. finite valued. It is also integrable because

E,[N,] = S nP T, <t] < Y nCl < oo

n=1 n=1

Moreover it was shown inz if] that the compensator of N, is equal to fo A(xs)ds and so My 1=
— [EX(x4)ds is an (P,, F;)-martingale. Using this fact it can be calculated that the dual

predictible projection of v is given by

V(wydt, de) = Q(dx, x¢(w))A(x¢(w))dt

Thus v*(w; {t}, F) = 0 and so x; is quasi-left-continuous??. Thus we proved that x; is a
Hunt process. Moreover x; is a Feller process i.e. the transition kernel of x; generates a

strongly continuous semigroup of contractions on the space of all continuous functions on

E, seef383,

IV. STOCHASTIC REPRESENTATION OF THE CLASSICAL SYSTEM

In this section we discuss some properties of the stochastic process associated with the
measuring apparatus. Let C' be a state space of the classical system i.e. C' = {1, 2, ..., m}.

16



Let us define a {0, 1}-valued process pg by

where 0f is the Kronecker delta and 7 denotes the canonical projection 7 : E — C. By
P(t,z,T"),z € Eand I C F we denote the transition kernel of the process x;. It was shown

in [jakol] that P(t, z, I') is associated with the dynamical semigroup 7; and so

T(P:) = /Pyp(ta z, dy)

Here P, is the one-dimensional projector corresponding to y € E i.e. P, = |y >< y|. We
show that the average of pf* gives the probability of finding the total system at time ¢ in a

classical state a. Let pf = E[p{]. Then

o= [ Ptedy) = [ Tr(R)P(t x. dy) =
E CP,

Tr( / P,P(t, x, dy)) = Tr(T/(P,)s)

Now we derive a differential equation for pf*. Let us start with the following example.

Example 1. Let C' = {1, 2}. Then a change of the process pf, « = 1, 2, is given by
dp; = —pi-dNy + pi-dN,, py =1
dp} = —p;-dN;, + p-dN,, p§ = 0,

where N, is the counting process introduced in the previous section. Solving the above

equations we get

Because M; = N, — J3 A(x4)ds is a martingale so we get the following equations for averages
i
dp; = E[(=p; + p)A(xe)]dt

17



dpi = E[(—p; + pi)A(xe)ldt

When the intensity is a constant function equal A they reduce to
dpi = M=p; +P))dt, dp; = NP} +P;)dt

with solutions given by

o 1+€—2>\t L, 1_6—2>\t
A

In a general case we have that pi\(x;) = A\i(x;) and p?A\(x;) = Aa(xt), where A\, (x;) =<
xX¢|Ao|x: >. So

dp; = —E[M(x,)]dt + E[\(x;)]dt
dp; = —E[M\(x,)]dt + E[\(x;)]dt

To solve these equations we have to know the distribution of the process x;.

The above equations suggest the following generalization.

Proposition 1.
dpy = —Ea(x))dt + ) Ell|gapx.|?]dt
Ba
Proof: Because ¢ = T7(pa), pa = Ti(Py)a SO

b

1
= Tr(p,) = Tr(—i|H, — —{A
dt 7(fa) r(—i[Ha, pal 2{ s Pat +

> 9apPsgns) = Tr(Aa)pa) + D Tr(g}s90508)
B#a B#a

On the other hand
Ea(xi)] = / <ylAuly > P(t, z, dy) = Tr(ATYPy)a)
CP,

Elllgagx:|’] = / < Yl9apgasly > P(t, v, dy) = Tr(g55905Ti(Pr)p)
CPg

18



so the assertion follows.

The adventage of this stochastic representation of Tr(T3i(P,)s) is that we can predict the
future of the classical system if we know its past. Let us point out that the classical com-
ponent of x; usually is not a Markov process.

Let us assume that we start at ¢ = 0 with a quantum state x € CP,o, and up to the present

we have observed the following classical trajectory
(t() = O, Oé()), (tl, 041), ceey (tk < t, Oék)

Then the probability p, that the next jump will go to o can be obtained as follows. Let us

calculate

ga1a0¢(t1> ‘T) T = gakak_1¢(tk - tk‘—l? xk—l)
| Goan 1 @tk — th1, Tp—1)|

xrT = s
|9a1a0®(t1; @)

and x; = ¢(t — tg, xy) for t > tx. Then

Pa = E[Hgaak(ka+1)HQ] = /dFTk+1|Tkan(t|tk7 xk)"gaak(xt)"Q =
0

00 t

[ dtexp(= [ A(x)ds) | gaa, ()]

£ £
These probabilities can be also used to determine an initial quantum state. Let us assume
that we start at ¢ = 0 with a classical index g and with one of the following pure quantum
states ¢ € CPy, i = 1, 2,...,n. The probability that the first jump will change the classical

index onto « is given by
Po = Ellgoco(xr)I’], To =0, Xo = 2’

In the similar way we calcutate probabilities p,,; that the first jump will go to a; and
the second one to ay and so on. Taking appropriate gg, we can make these probabilities
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significantly different for each initial quantum state x’ and thus conclude which one is the
most probably by observing the classical trajectory.
Example 2. Let us consider the fluorescent photons emitted by a single, two-level atom
that is coherently driven by an external electromagnetic field. It is known that the quantum
system evolves from the ground state in a dissipative way. When a photoelectric count is
recorded by a photoelectric detector (we assume the detector efficiency to be equal one), the
atom returns to the ground state with the emission of one photon. Thus, after the emission
of each photon, the atom starts its evolution from the same state. We describe this situation
using the probabilistic framework introduced in the previous sections.
The quantum system as a two-state system is represented by 2 X 2 complex matrices. The
classical system, which counts emitted photons we describe by an infinite sequence of num-
bers n = 0, 1, 2, ... Hence the state space of the total system is equal to

o0

E = |JcP?

n=0

The time evolution of the quantum system is described (for every classical index n) by the

modified Schrédinger equation
; A : 1
Yy = —iHyy = (—iH — 51\)%7

where A = vA*A and
00

10
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The coupling operators gy, are given by ¢g,4+1, = A and gp, = 0if m # n+ 1. A solution
for 1y can be written as ¢, = U(t)io, wheret!

— g 2 o
Oty — e—z‘tH - Cos it 1 sin pt o sin pt

2“ sin pt cos it + o sin it

Here 7 is the relaxation rate, 2 is Rabbi frequence and p = /2 — (v/2)2. The ground

state 1y is given by

Yo

The deterministic flow is defined by

A

U)o

o Wo 1) = 5

for every n € N U {0}. The jump rate X is given by A((¢, n)) = < ¢, Ay > for all n and

the transition kernel

Q(dp, m; b, n) = 6,1,0(¢ — tho)de
Because of the uniqueness of a jump after the emission of a photon the classical component
of the piecewise deterministic process of the total system is also a Markov process. Let us
derive the distribution of the waiting time between jumps. In this case it is exactly the

distribution of the random variable T;. Thus

F(t) = 1 — exp[=A(t, (0, 0)) = 1 — exp[— /)\ (o, 0))ds]

t ~ ~
U U
=1- eXp[—/ < A(Si)wo, ’yA*AA(Si)wO > ds]
, \U U
Because

%HU(S)%H? — < —iHU(s)tho, U(s)tho > + < U(s)t, =iHU () >
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= < U(s)o, i(H* — HU(8)thg > = — < U(s)tho, YA* AU (s)1hg >

so we obtain that

t

d .

Fit) =1 - eXp/ glogHU (s)ol*)ds] = 1 — [[U(s)eol”
0

Its density equals to

F(t) = AIAT@ol? = 75 > (ut) exp(—1/2)

It is exactly the waiting time density obtained in2.

Now let us consider the time evolution of the averages of the classical components of
the process p,(t). In the present context they have a simple interpretation: 7, (t) is the
probability that n photoelectric counts are recorded in the time interval [0, ¢]. Hence

Pp(t) = P[T, <t ATyi1 > 1] and so
Po(t) = 1U(#)”
Bi(t) = [t = s)ds = @+ ()

By(t) = /dSQpO(SQ /f(sl)f(t—SQ—sl)dsl — Bo* f ()

0

and so on. In the above we extended functions 7,(¢) and f(¢) onto the whole real line
(—o0, 00) by putting value zero for negative arguments. The sign * denotes the convolution.

Taking the Laplace transform of P, (t) with respect to variable ¢ we obtain that

which coincides with the formula given in2? (see also??).
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V. CONCLUDING REMARKS

The crucial concept of our approach to quantum measurement is that of a classical and
irreversible event. It is taken into account by including from the begining classical degrees of
freedom. From the structural point of view such a coupling (EEQT) consists of the following
essential ingredients:

- tensoring of a non-commutative quantum algebra of observables with a classical commu-
tative algebra (or, more generally, taking the classical Abelian algebra as the center of the
total algebra of observables),

-replacing Schrodinger unitary dynamics with a completely positive semigroup describing
the time evolution of ensembles,

- interpreting the continuous time evolution of statistical states in term of a piecewise de-
terministic process with values in the pure state space of the total system,

- applying the uniqueness theorem for deducing the piecewise deterministic algorithm gen-
erating sample path of an individual system.

It gives a minimal extension of the quantum theory that ensures the flow of information from
the quantum system to the classical variables. Moreover it provides a way for calculating
numbers needed in real experiments and also allows for a natural mathematical modelling
of a feedback during experiments with quantum systems.

Let us also discuss two possible generalizations of the above scheme. The first one concerns
the dimension of the quantum Hilbert space. Here, for simplicity, we were using only finite
dimensional Hilbert spaces, but from the construction it is quite clear that this assumption

was not essential. We could admit infinite dimensional Hilbert spaces and take all the nec-
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essary care for the formulas to be well defined, for example the infinite series of operators to
be convergent. Moreover we can allow the Hamiltonian operator to be unbounded. Also the
existence of the deterministic flow can be established since CP(H,) is an infinite dimensional
Hilbert manifold, that is it can be covered by a family of open sets each of which is homeo-
morphic to an open ball in a Hilbert space. The second generalization is connected with the
discretness of the classical system. There are examples of generators of completely positive
semigroups of the joint system, when the classical subsystem is described by an algebra of
continuous functions on a symplectic manifold?®. But then the probabilistic description of

the dynamics is, in this case, more complicated and will be discussed in a separate paper.
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