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1 Introduction

Effective time evolution of a quantum system is usually described by a dy-
namical semigroup: a semigroup of completely positive, unit preserving,
transformations acting on the algebra of observables of the system. A general
form of generator of a norm—continuous semigroup was published in 1976 in-
dependently by Gorini, Kossakowski and Sudarshan [} (for matrix algebras)
on one hand, and by Lindblad [2] (for more general, norm-continuous case)

on the other. It is usually referred to as the Lindblad form; it reads:

. 1
A:Z[HaA]+ZV;AVa_§{A>A} (1)
where H = H* is the Hamiltonian, {, } stands for anticommutator, and
A=>"VV,. (2)

In a contrast to a pure unitary evolution that describes closed systems
and which is time-reversible, the second, dissipative part of the generator
makes the evolution of an open system irreversible. This irreversibility is not
evident from the very form of the equation, it is connected with the posi-
tivity property of the evolution. Formally we can often solve the evolution
equation backward in time, but positivity of the reversed evolution will be
lost.

We can also look at the dual time evolution of states rather than of observ-

ables. For states, described by density matrices, we get:
. . . 1
p= _Z[Ha A] + Zvapva - §{p>A}> (3)

where the duality is defined by Tr (Ap) = Tr (Ap).

Here again only propagation forward in time is possible, when we try to
propagate backward, then we will have to deal with negative probabilities.
This irreversibility is reflected in the fact that pure states evolve into mixed
states. How do mixed states arise? In quantum theory, similarly as in the
classical theory, they arise when we go from individual description to ensem-

ble description, from maximal available information to partial information.



Or simply, they arise by mixing of pure states. Pure states are represented
by one dimensional projection operators P. If du(P) is a probabilistic mea-
sure on pure states, then the density matrix p defined by p = [ Pdu(P)
is a mixed state, unless du(P) is a Dirac measure. Contrary to the clas-
sical theory, however, in quantum theory decomposition of a mixed state
into pure ones is non—unique. So, for instance, the identity operator can be
decomposed into any complete orthonormal basis: [ = Y, |i >< |, thus in
indenumerably many ways. This mysterious and annoying non-uniqueness of
decomposition into pure states in quantum theory can be simply taken as an
unavoidable price for our progress from classical to quantum, as a fact of life.
And so it was. Yet it started to cause problems in quantum measurement
theory.

The first attempt to give a precise mathematical formulation of quan-
tum measurement theory must be ascribed to John von Neumann. In his
monograph [3] he introduced two kind of evolutions: a continuous, unitary
evolution U of an ‘unobserved’ system, and discontinuous ‘projections’ that
accompany ‘observations’ or ‘measurements’. His projection postulate, later
reformulated by Liiders for mixed states, is expressed as follows:

‘if we measure a property F of the quantum system, and if we do not
make any filtering which depends on the result, then as the result of this
measurement the system which was previously described by a density matrix
p switches to the new state described by the density matrix EpE/Tr EpE.’

A whole generation of physicists was brainwashed by this apparently pre-
cise formulation. Few dared to ask: who are ‘we’ in the phrase ‘if we measure’
[4], what is ‘measurement’ [5, 6], at which particular instant of time the re-
duction takes place? How long does it take [7], if ever [§], to reduce? Can
it be observed? Can it be verified experimentally [H, (0, 11?7 Nobody could
satisfactorily answer these questions. And so it was taken for granted that
quantum theory can not really be understood in physical terms, that it is a
peculiar mixture of objective and subjective. That it is about ‘observations’,
and so it makes little or no sense without ‘observers’, and without ‘mind’.
There were many that started to believe that it is the sign of new age and the

sign of progress. Few opponents did not believe completeness of a physical



theory that could not even define what constitutes ‘observation’ [B, §]- but
they could not change the overall feeling of satisfaction with successes of the
quantum theory.

This situation started to change rapidly when technological progress make
it possible to make prolonged experiments with individual quantum systems.
The standard ‘interpretation’ did not suffice. Experimenters were seeing with
their own eyes not the ‘averages’ but individual sample histories. In particu-
lar, experiments in Quantum Optics allowed one to almost ‘see’ the quantum
jumps. In 1988 J.R. Cook [12] discussed photon counting statistics in fluo-
rescence experiments and revived the question ‘what are quantum jumps?’.
Another reason to pay more attention to the notion of quantum jumps came
from the several groups of physicists working on effective numerical solutions
of quantum optics master equations. The works of Carmichael [13], Dal-
ibard, Castin and Mglmer [14, 15], Dum, Zoller and Ritsch [16], Gardiner,
Parkins and Zoller [17], developed the method of Quantum Trajectories, or
Quantum Monte Carlo (QMC) algorithm for simulating solutions of master
equations. It was soon realized (cf. e.g. [1§, 19, 20U, 21, 22]) that the same
master equations can be simulated either by Quantum Monte Carlo method
based on quantum jumps, or by a continuous quantum state diffusion. Wise-
man and Milburn [23] discussed the question of how different experimental
detection schemes relate to continuous diffusions or to discontinuous jump
simulations. The two approaches were recently put into comparison also by
Garraway and Knight [24]. There are at present two schools of simulations.
Gisin et al. [25] tried to reconcile the two arguing that ‘the quantum jumps
can be clearly seen’ also in the quantum state diffusion plots. On the other
hand already in 1986 Diosi [26] proposed a pure state, piecewise determin-
istic process that reproduces a given master equation. In spite of the title
of his paper that suggests uniqueness of his scheme, his process although
mathematically canonical for a given master equation - it is not unique.
This problem of non-uniqueness is especially important in theories of gravity-
induced spontaneous localization (see [27], also [28, 29] and references therein)
and in the recent attempts to merge mind-brain science with quantum theory

(80, 81, 32], where quantum collaps plays an important role.
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In the next section we shall see how the situation changes completely with
the new approach to quantum measurement developed by Ph. Blanchard
and one of us (see [B3] and references there)i. In Sec. 2 we will sketch the
main idea of the new approach. We will also indicate infinitesimal proof
of uniqueness of the stochastic process that reproduces master equation for
the total system, i.e. quantum system-classical apparatus. In Sec. 3 we
give concrete examples of non-unicity when only a pure quantum system is
involved - as it is typical in quantum optics. In Sec. 4. we will give a rigorous,
global proof of unicity of the process, when classical apparatus is coupled in
an appropriate way to the quantum system. Conclusions will be given in Sec.
5. There we also comment upon the most natural question: we all know that

every apparatus consists of atoms - then how can it be classical?

2 The formalism

Let us sketch the mathematical framework of the “event-enhanced quantum
theory”. Details can be found in [33]. To describe events, one needs a clas-
sical system C| then possible events are identified with changes of a (pure)
state of C'. One can think of events as ‘clicks’ of a particle counter, changes
of the pointer position, changing readings on an apparatus LCD display. The
concept of an event is of course an idealization - like all concepts in a physical
theory. Let us consider the simplest situation corresponding to a finite set of
possible events. The space of pure states of ', denoted by S,, has m states,
labeled by o = 1, ..., m. Statistical states of C' are probability measures on
S. — in our case just sequences p, > 0,3, Pa = 1.

The algebra of observables of C'is the algebra A. of complex functions on S,
—in our case just sequences f,,a = 1,...,m of complex numbers.

We use Hilbert space language even for the description of the classical system.
Thus we introduce an m-dimensional Hilbert space H. with a fixed basis, and

we realize A, as the algebra of diagonal matrices F' = diag(f1,..., fm)-

2 Complete, actual bibliography of the Quantum Future Project is always available
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Statistical states of C' are then diagonal density matrices diag(pi, ..., pm),
and pure states of C' are vectors of the fixed basis of H..

Events are ordered pairs of pure states @« — 3, a # 3. Each event can thus
be represented by an m x m matrix with 1 at the («, 3) entry, zero otherwise.

There are m? — m possible events.

We now come to the quantum system.

Let @ be the quantum system whose bounded observables are from the al-
gebra A, of bounded operators on a Hilbert space H,. In this paper we will
assume H, to be finite dimensional . Pure states of () are unit vectors in Hy;
proportional vectors describe the same quantum state. Statistical states of
@ are given by non-negative density matrices p, with Tr (p) = 1.

Let us now consider the total system T'= @ x C. For the algebra A; of

observables of T" we take the tensor product of algebras of observables of @
and C: A, = A, ® A.. It acts on the tensor product H, ® H. = &5 Ha,
where H, ~ H,. Thus A; can be thought of as algebra of diagonal m x m
matrices A = (ang), whose entries are quantum operators: Goo € Ay, Gos =0
for a # 3.
Statistical states of @) x C' are given by m x m diagonal matrices p =
diag(p1, ..., pm) whose entries are positive operators on H,, with the nor-
malization Tr (p) = >, Tr (p,) = 1. Duality between observables and states
is provided by the expectation value < A >,= >, Tr (Aapa)-

We will now generalize slightly our framework. Indeed, there is no need
for the quantum Hilbert spaces H,,, corresponding to different states of the
classical system, to coincide. We will allow them to be different in the rest
of this paper. We denote n, = dim(Ha).

We consider now dynamics. It is normal in quantum theory that classical
parameters enters quantum Hamiltonian. Thus we assume that quantum
dynamics, when no information is transferred from @) to C, is described by
Hamiltonians H, : Ho, — H,., that may depend on the actual state of
C' (as indicated by the index «). We will use matrix notation and write
H = diag(H,). Now take the classical system. It is discrete here. Thus it

can not have continuous time dynamics of its own.



As in [33] the coupling of () to C is specified by a matrix V' = (ga3), where
Jap are linear operators: gog : Hg — Ho. We put gao = 0. This condi-
tion expresses the simple fact: we do not need dissipation without receiving
information (i.e without an event). To transfer information from @ to C
we need a non-Hamiltonian term which provides a completely positive (CP)
coupling. As in [83] we consider couplings for which the evolution equation

for observables and for states is given by the Lindblad form:

Ao = il Aol + 52 e Asgsa = 5 (e o) ()
or equivalently:
o = ~ilHasp 4 3 gaspstis — 5 (o o) )
where
Ao = zﬂ:géagﬂa- (6)

The above equations describe statistical behavior of ensembles. Individual
sample histories are described by a Markov process with values in pure states
of the total system. In [33] this process was argued to be infinitesimally
unique. For the sake of completeness we repeat here the arguments. First,

we use Eq. (5) to compute p,(dt) when the initial state p,(0) is pure:

Pa(O) = 5aao|w0 >< ¢0| (7)

In the equations below we will discard terms that are higher than linear order

in dt. For @ = aig we obtain:

pao(dt) = Wo >< ¢o| _Z.[Ham Wo >< %H dt—

—%{Aam |¢0 >< w0|} dt, (8)

while for a # o
Pao (L) = Gaao|tho >< 10| ghg, dt 9)
The term for a« = o can be written as

P (dt) = pao|wao >< ¢040|> (10)
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where
exp (—iHaOdt — %Aaodt) o

Yoo = . ) (11)
" lexp (—iHagdt — $Aqgdt) o

and
pao =1- )\(wo, Oé())dt. (12)

The term with a # g can be written as:

pa(dt) = Pa |wa >< wa| ) (13)
where
Pa = Hgaaow0H2dt> (14)
and "
GaagWo
wa = (15)
HgaaowOH

This representation is unique and it defines the infinitesimal version of a

piecewise deterministic Markov process.

3 Non-uniqueness in the pure quantum case

In this section we will show on simple examples the nature of non-uniqueness
in the pure quantum case.

For simplicity let us consider a two state quantum system whose algebra
of observables is equal to Msys. Let T; be a dynamical semigroup with a
generator L given by

* Lo,
L(p) = apa — i{a a, p}7

where a € Myyo.

3.1 Pure diffusion process

First let us show that the time evolution determined by L can be described
by a diffusion process with values in CP! [34].



Let a two component complex valued process ¥ = (¢}, 1?)/ (prime denotes

the transposition) be given by the following stochastic differential equation:

where B; is a one-dimensional real Brownian motion and
gi(hy) = Y (< a" > a;— §(a a)i)r — 5 <@ ><a>y vy
J
file) = Y ayl — <a>¢ )
J

< Yilalyy > Yela” |9 >
<yl > < Py|thy >

Moreover let us choose an initial condition 1y = (z{, 23)/ such that |z3* +

|22]* = 1. Because f; and g; are continuously differentiable (in the real sense)

<a>; = <a* > =

on C?\ {0} so there exists a local solution with a random explosion time T

(see for example [35]). But
dly* = iy + Gy + dy, e,
where [1¢,1!]; is the quadratic covariation of ¥ and 1{. Thus
dlyy, vile = |fi(we)dt,
and so

dl[vel> = S (Widd; + idwi) + || f(e)]*dt = 0.

i
It implies that T = oo with probability one and so our process is a diffusion
with values in a sphere S3. Let us define a process P, with values in one

dimensional projectors by
Pr= |y >< | = ZW@%;
3
where e;; form the standard basis in Msyo. Then, using the equation
d(id]) = (fih + fb)dBe + (990 + gl + fify)dt
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we obtain that
dP, = [(a— < a )P, + Pa'— < a* >))]dB, — %{a*a, P}dt + aPa*dt.
Since B; is a martingale then after taking the average we get

dE[P)] = aE[Pla*dt — %{a*a, B[P}t

Let us define a density matrix p, = E[F]. Then

Py = ap:a — i{a a, Pt}>

and so the average of the diffusion gives the quantum dynamical evolution.

Finally, we show that p, = [ P(t, zo, dy)P,, where P, = |y >< y|, o =
|tg >< 1| and P(t, z, dy) is the transition probability of the described
diffusion. By the definition, P(t, zo, I') is the distribution of the random
variable P"® such that Py° = . It implies that for every bounded and

measurable function f defined on CP! we have
BIf(P)) = [ F)P(, w0, dy).
Let us consider a function given by f(y) = Tr(AP,), where A € Msy5. Then
/ Tr(AP,)P(t, 2o, dy) = E[Tr(AP™)] = Tr(Ap,).

SoTr(A [ P(t, xo, dy)P,)) = Tr(Ap:) for every A and thus p, = [ P(t, xo, dy)P,

with pg = xo.

3.2 Piecewise deterministic solution

On the other hand it is possible to associate with the same quantum dynamics
a piecewise deterministic process, as in the method of quantum trajectories
[(13]. Now the situation is more complicated, because, in general, we can not
replace the Brownian motion by the Poisson process. We have to solve a

stochastic differential equation for an unknown process (Nt, U).
d; = fi(-)dN; + gi(ehr)dt,

9



where f; and g; are prescribed functions, together with the following con-
strain: N, is a semimartingale such that
a) [N, N]t = N, Ny = 0, E[Nt] < oo for allt >0,

b) for a given nonnegative function A : C?* — R the process
M, := N, — I M,)ds is a martingale.

It is clear that M; will be a purely discontinuous martingale. A con-
tinuous, increasing and with paths of finite variation on compacts process:
JEX(ty)ds is called the compensator of N;. In our case due to assumption a) it
is also the conditional quadratic variation of N; [34]. The functional (1) is
called the stochastic intensity and plays the role of the intensity of jumps. Let
us recall that for the (homogeneous) Poisson process N; — [ Ads = N; — Mt is
a martingale. From the assumption a) above we obtain that N, is quadratic
pure jump, its continuous part is equal zero and AN, = (ANS)Q, where
AN, = N, — N,- so it is a point process. Let us emphasize that in general
it is not an inhomogeneous Poisson process since its compensator would be
a deterministic function equal to E[N;] [36]. So it will be the case only when
the stochastic intensity is a deterministic function depending on ¢.
Moreover [N, t], = 0 as N, is of finite variation on compacts. It implies the

following symbolic rules

(AN)? = dN, dNdt = dtdN = 0.

From assumption b) we get dM; = dN, — A1 )dt. Let F; be a o-algebra of
all events up to time ¢. Because M; is a martingale, so E[dM;|F;] = 0 what
implies:

E[dN,|F] = Xaby)dt
see [38].

Till now the operator a € My, was arbitrary. A particular simple case

. 0 1
a = aq =
1 0

10
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. Then L(p;) = apia — p; and so the intensity

< la*alg >
Ay) =<a'a>= ——— =1
@) < e >
what implies that N, = N,. Because there is no deterministic evolution (we
do not have the Hamiltonian part and the jump rate is constant) so in this
case we can put g1 = go = 0and fi(n) = ¥ — ¥y, falth) = W — ¥}
as the probability of a particular jump depends on the difference between )}

and ¢?. Thus we arrive at

d; = fi(t-)dN;.

Using the identity d[¢?, ¥7]; = fif;dN; we get that d|[1||> = 0 and dP, =
(aPya— P;)dN;. Taking the average we obtain p; = apia — py, since Ny — At is

a martingale. The above stochastic differential equation admits the following

solution N N
1+ (=1)™ 1—(=1)™
e e i
1— (=1 14 (—1)M
R e

It implies that
14 (—1)M 1 — (=1)M

where xg = [ >< 0| and yo = |0 >< ¢o|, o = (a+a*)o = (22, 2})1.

0 1
a= ,
0 0
as it is usual in quantum optics problems, then we have

P
el

So we need a point process whose rate function is random and the situation is

If we take

M)

slightly more complicated. We have to use the more general method described

at the beginning of this paragraph.
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Let us start with calculating functions g¢;, which are responsible for the

deterministic flow. They are obtained by taking the derivative of

exp(—%sa*a)wt
1

e = Yeap(—Lsara)de]

(|

with respect to s and in the instant s = 0. So we get

g(y) = %(—a*a + < a*a >y

It can be checked that the only functions f; which lead to the Lindblad

equation are of the following type:

filW) = = +/< ey > ™ fo(hy) = —2,

where h : C? — R is an arbitrary Lipschitz function. Let us point out that

if we put e = ¢2/[1?| then we can write f in a compact form
a

(\/< a*a >

see [B8], but it needs a careful interpretation because zero can appear in the

f(We) = = Dth

denominator. Again by simple calculations we get that d||¢]|> = 0 and
212 172 R
P, = ( @ ) wtf;) dN,
_wt wt _Wt | —
by (g QUM RO DY
2 <Pule > \hpf (10717 = 191 =20 Pl

But dN, = dM, + A(1¢)dt so after averaging we get the quantum evolution
equation for p, = E[P].

4 Global existence and uniqueness

After analyzing a typical example of non uniqueness in the pure quantum
case, here we will return to the general scheme as described in Section 2.

Let T; be a norm-continuous dynamical semigroup on states of the total
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algebra Ap corresponding to eq. (8). We extend 7} by linearity to the whole
predual space Ar., which is equal to Ar, because the total algebra is finite
dimensional. Let E denote a space of all one-dimensional projectors in Ar.
Because Ar = 2= M (n, X n,) we obtain that £ = U,CP, and so F is a
disjoint sum of compact differentiable manifolds (complex projective spaces
in H,). We would like to associate with 7; a homogeneous Markov — Feller

process with values in E such that for every x € £
Ty(P,) = / P(t,z,dy)P, (16)
E

where P(t,x,dy) is the transition probability function for the process & and
y — P, is a map which assigns to every point y € E a one-dimensional
projector P,. This leads us to the following definition.

Let M(FE) denote a Banach space of all complex, finite, Borel measures on
E. We say that a positive and contractive semigroup U; : M(E) — M(E)
with a Feller transition function P(t,z,T") is associated with T; iff Eq.l@ is
satisfied.

Let us describe this notion more precisely. Let @ be a map between two

Banach spaces M(FE) and Ar. given by

w(n) = [ uldx) P,

It is clear that 7 is linear, surjective, preserves positive cones and ||7|| = 1.

Proposition 1. U, is associated with T} iff kern is U; — invariant and

U, = T}, where U, is the quotient group of U; by ker .
Proof. Let U; be associated with T;. It implies that
| Plt.a.dy) Py =Ti(P,)
thus for any py € ker m we have
/ (Urpo)(dz) P, / / (t,y,dx) po(dy) P =
/Tt ) po(dy) Tt/uodyp] 0

13



and so Uy € ker m. Moreover Vu € M(E)

Uin(y) = 7(Uup) = | (Uin)(dy) P, =

[ [ P dg)ptin) By =Tl [ ldn) B2] = Tom()

Now let us assume that U, = T} i.e. Yu € M(E) we have Upr(p) = Tim(p).
Let us take p = d,. Then

U{/T((Sm) = W(Ut(sm) = /E(Ut(sﬁﬁ)(dy)py =

[ [Ptz i@, = [ Pe,dyP,
and Tym(u) = Ty(Py) so Ty(P,) = [z P(t,z,dy)P,. O

It means that to find Uy is to extend the semigroup 7; from M(FE)/ker m
to M(FE) in an invariant way. It should be emphasized that, in general, such
an ‘extension’ may not exist or, if it exists, need not be unique. We show
that in our case, under mild assumptions, the existence and the uniqueness
can be proved.

Let us write the evolution equation for states in the Lindblad form
p= _Z[Hap] +Z‘/k p‘/k - §{p>z‘/k‘/k }7
k k

where H = diag(Hi,...,Hy,), Hy = H: € M(n, X n,) and Vj, satisfy the
following assumptions:

a) (Vi)aa = 0 for every k and «
b) if for some k, 1, o, 8 (Vi)as # 0 and (V})as # 0 then k = [7,

Let A be a densely defined linear operator on C'(FE) with D(A) = C'(FE)
given by
(Af)(z) = > calw)f(xa) = c(2)f(2) + v(2)f,

aFag

3 In general we can allow for a weaker version: (Vi)ap # 0 and (V))ag # 0 = Jc €
C : (Vk)ap = ¢(Vi)ap, but this simply reduces to b) above by substitution (f/k)ag =

V' 1+ [c]?(Vi)ap and (V))ap = 0 for k # 1.

14



where © € CP,,, co(x) = Tr (PeWaoaW.E ), Waa = Zb(Vi)aga €

ago

L(HOMHQO)7 Wojoa = Zk(‘/k);oa € L(HamHa)? C('T) = Za#ao Ca(.’ll'), pﬁfa =
€ CP, and x — v(x) is a vector field on E such that

:
50 PeWaga

Tr (P WaoaWiya)

1
v(z) = —i[Hpy, Po] — 5{Pg,;, > WagaWaiod + PoTr (Pr Y WagaWi L)

apo
aFog aFtagp

It may be easily checked that v(z) € T,CP, = T,FE. Because

. eXp[t(_iHaO - % Za#ao Waan;oa)]pﬁf eXp[t(iHao - % Za#ao Waan;oa)]

P.) =
9 (Fr) Tr (P exp[—t Xozag WaoaWiial)

ago

is an integral curve for v, so we have that v is a complete vector field.

Theorem 2. A is a generator of a strongly continuous positive semigroup

of contractions S; on C(E).

Proof. A = A; + Ay, where (A1f)(z) = Yozag Cal®)0a, f — c(x)6,f and
Ay = v. It is clear that A; is a bounded and dissipative operator. It is
also a dissipation i.e. A;(f2) > 2fA,(f) for f = f. Because A, generates
a flow on E given by f(x) — f(g:(x)), where g.(z) is the integral curve
of v starting at the point z, it follows that A = A; + A, is the generator
of a strongly continuous semigroup of contractions (see for example [48]).
Positivity follows from the Trotter product formula, since both A; and A,
generates positive semigroups. O
Let P(t,x,I") denote the transition function of S;.

Proposition 3. P(t,x,T") is a Feller transition function.

Proof. By theorem 2.8 of [39], and by conservativeness of P(¢,z,T"), it is
enough to show that for every z € E and for any f € C'(E) such that
f(z) =0, f(y) <0Vy € E we have (Af)(x) < 0. Because f has a maximum
at © so (Asf)(x) = 0. Moreover, as © € CP,, for some o and c¢,(z) > 0

Ya # ag we have
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(Af)(x) = > calr)f(za) <0

aFag

Now prove that that our process reproduces 7;.
Theorem 4. Let (Uyp)(I') := [ P(t,x, 1) u(dz) for p € M(E). Then Uy is
associated with T;.

Proof. At first we show that Vo € F
L(P;) = [A(P)](x), (17)

where L is the generator of T}, A is the generator of S; and P : © — P,.
Let v € CF,,. In H = ®._H, let us choose any orthonormal basis

{ea. za}zaﬂ’;:'f., for which e, ;, € Hs. Obviously, for any P, € Ar.

< €aiin|L(p )|e,g,w > =0 for  # [ and the same is true for [A(P)](x). So it is

enough to evaluate the (3,4, jg)-th matrix elements of both sides of Eq.(17):

N < eg,i |Wa ap Wa a|€,g" >
< eﬂai,eHA(P)](x”eﬂ,jﬁ >= Z Tr P Waanaoa) Tﬁ‘r (pOW ij* )]B -

aFag @’ apox
— Z Tr P Waanaoa) < e,@,i5|pm|€,6,jg > +
a;éao
< eg,is|(—i[Hag, Po]— {Px> > WaaWapadHP: Tt (P Y WagaWaia))les,j, >=
aFog aFtagp

=< eﬂai,ﬂ|W;o,@p Waoﬂ|€ﬂ Js > +6aoﬂ < eﬂ,ig|( [Hamp]

{Pa» > WapaWapab)les s > (18)

aFag

On the other hand the 8-th component of L(P;)

(L(P:))p = zk:(vk);oﬂpr(vk)aoﬂ‘i‘éaoﬂ (i[Hao, Prl+3 {Pm>kz (Vi)ga(Vi)gat) =

= Jo,apchaoﬂ + 6040,@( [ 0407 {p:c> Z apa oa} (19)

aFag
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Where the last equality holds owing to assumptions a) and b) above. Taking
the (3,13, j3)-th matrix element of (I9) we see that it coincides with (18),
thus, due to arbitrariness of (/3,ig,j3), we have proved Eq. (17).

Let F' denote the finite dimensional space of functions generated by r —<
Y|Py|l¢ >. Tt is clear that ' = {f : f(x) = Tr(APR,), A € Ar}. So
dim F = dim Ar. We show that F' is the null space for kerm. Let f(z) =
> < il Pelp; > and let g € kerm. Then

po(f) = [ moldn)f@) =32 < vl [ poldw)Palis; > = 0

Moreover because (A < ;| Ply; >)(z) = < ¢;|L(P;)]yp; > we have that
A:F — Fandso S; : F— F. It implies that U, : kerm — kerm since
Ug(f) = p(Sef). Let U, be the quotient semigroup. Then

1. 4
lim ~[04(P,) — Py] :Pn&%[w(Ut(Sm) _p] -

t—0 ¢

lim( [ [ P(t, 2 dy)o.(d=)P, = P2) = (AP)(@),

t—0

so U, and T} have the same generator and thus coincide. By Prop. 1 U; is

associated with T;. O

We can pass to the uniqueness problem. Let us consider a class of
Markov processes associated with a general nonsymmetric Dirichlet form £
on L*(E,dm) (here dm|cp, is a positive U(H,)-invariant measure on Borel

sets on CP,) given by the closure of:
E(u,v) :/ T (du, dv) dm+/ u(X.v) dm—i—/(Y.u)vdm—i—/ uvedm4+
E E E E
- - 2
[ (02) = (0) (o) — v(y)) J(d. dy) (20)
for u,v € C*(E). In (20) we have :
e X Y — smooth vector fields on

o cc C™(E)

17



T — smooth (2,0)-tensor field, positively defined: T'(du, du) > 0 for any
ue C®(E)

o A= {(x,x) € E x E} - the diagonal

J(dx, dy) — positive symmetric Radon measure on F x E'\ A satisfying:

— Jexmalu(z) —u(y))? J(dz, dy) < oo for any u € C=(E)

J(dz,dy)
dm(z)

e for any u > 0 hold: [p(cu+ X.u)dm, [z(cu+ Y.u)dm >0

— the Radon derivative exists and is a Borel measure

It is worth to emphasize that such Dirichlet forms contain jumps, determinis-
tic flows and diffusion processes as well. A straightforward calculation leads

to the following result:

Theorem 5. The generator B of the Dirichlet form £ defined by (20) is

given, in some coordinate system, by the formula

(Bu)(@) = (Fu)@+ 3V (@) @)@+ T (@) 000)(w)- | nta.dy)u(y)
e1)

where f € C*(E), V — smooth vector field on F, T — smooth, positive

(2,0)-tensor field and p — family of Borel signed measures, u € C*°(E) (the

domain of B comes from closing (B, C*(FE)) ). The detailed form of f, V

and p is given by:

1 )
f= XM 40X —c

V= %TU(@M)& +(0;T0; + X =Y

|
) =20t PR - SR

and

|
e ]

where we have used the following notation

18



e M is a coordinate of the volume form: dm(x) = M(x)dx' A ... A do?*
for x € CP*

e J,(-) — a measure concentrated in {z}

e an arrow indicates the variable the integral is evaluated over

Remark 1. The generator B may be written in a fully invariant way:
(Bu)(z) = —cu — —ll +
Bu)(x cu—Y.u+ L7 (dw)+ux] dm
1y, DT (dw)uX]

where Lz w means the Lie derivative of the form w, associated to the vector
field Z.

Remark 2. The proof of the Theorem 5 is straightforward — one should use

the Stokes theorem for compact oriented manifold for the form
O = VU7 (du)+ux] AT

and because F is without boundary (OF = () we have [ da = 0. Evaluating

da we obtain the form of B.

Using Theorem 5 and the property that Tr [L(FP,)] = 0 Vz € E we
conclude that B(1) = 0, 1-denotes the constant function taking value 1, and

so B can be written in the following form:

(Bu)(z) =>_T7(2)(@id5u)(z) +>_V'(x)(0mu)(x) +

[ o, dy)uty) — puo(a, Bjula), (22)

where (T%(z)) form a positive matrix and po(x,dy) is a positive measure
such that po(z,{z}) = 0 for every x € E. Its domain D(B) consists of

C?-functions.

Lemma 6. (Vy)oa = 0= Va € {l,...,m} Va,y € CP, such that P, LP,
the equality T'r[P,L(P;)] = 0 is satisfied.
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Proof. let z,y € CP, and P, L P,. Then

Tr|P,L(P,)] = —iTr(P,[Hy, Pu)) +ZT7~ (Vi PyVi)aa] —

_ZTTP{p:w (‘/k‘/k aa} ZTT ‘/k‘P‘/k')OéOé]

But
(Vk*Pchk)aa = (Vk)zapfc(vk)aa =0

so the assertion follows. O

We are now in position to show that the diffusion part is necessarily zero.
Theorem 7. T%(z) = 0 for every i, j.

Proof. Because
B[I'r(P,P)|(z) = Tr[P,L(F;)]

so, by the above lemma, for every o and every z,y € CP, such that P, LP,
we have that B[Tr(P,P)](x) = 0. Let us denote the function z — T'r(P,P,)
by f,(2). Then

(3@@):L po(a, d2) £, (2) +ij (80, 1,)(x +§yﬂ 6f,) ()

It is clear that f, is a smooth function and possesses a minimum at point x.
So 3, Vi(z)(0:f,)(x) = 0 and we arrive at

A}M@@@ +ZW78@mm 0

But (9;0;f,(x)) and (T%(x)) are positive matrices so, by Schur’s lemma,
(T (x)0;0; f,(x)) is also a positive matrix. It follows that

ZW )0:0;f,(x) = 0

Now let us introduce a chart at point x, let say, = = [(1,0,...,0)], (Uy, ¢o) such
that

UO = {[(207217~“72n—1)] VA C, Z|Zz|2 = 1, 20 7é O}

20



Z1 Zn—1

¢O[(20721>"'>zn—1)] :( P ) = ('rl?yl?"'?xn—l;yn—l)?
<0 <0

where 7; = ReZ, y; = ImZ. Then ¢o(z) = 0 € R2™ 1. Let us choose y
= [(0,1,0,...,0)]. It is clear that P, L P, and so

ni [Tij (.%')8 (fyo¢5 )(6) + ZT;fy(x)ﬁ (fyo¢5 )(6) +

= O0x;0x; 0,0y,
o Pt ) gy — g
But for every j > 2 we have
82(%;;51)(6) _
]}Lrgo%[w%jﬁﬁ(o,...,xj:h,o,...,O) - W%ﬁ@] ~ 0

In the same way we prove that for every j > 2

O*(fy o $0') =

0) =0
dy3
By positivity of the matrix D?(f, o ¢5*)(0) we obtain that

82(fyo¢51) = 11 52(fy0¢51) 52(fy0¢51)
Ox? (0)+2T;, () Ox10y, oy

Let A be an embedding \ : CP* — CP, given by

Tk () (O)+T)} () () =0

)\[(Zo, 21)] = [(Z(), 21, 0, ey 0)]

It is clear that z = A(ng) and y = A(7) for some unique ng, 7 € CP! = 52

Let 1y be a chart at ng given by
Yo: CP'—{ii} = C, o(m) = popyoA(m),

where p = C" — C is the projection onto the first coordinate. So we may
write that
82 7 ! = 82 7 0
(f OwO )(0) + 2a12(n7)) (f O% )

a11(n_6) 8(]2

0) +
1 56]15612 ()
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22/, 0) = 0

ram) L) @) o
where a''(m) = T, (), a*(np) = T, (x), a®*(no) = T, (x) and qu(m1) =
x1(A(m)), q2(m) = wy1(A(m)). Let us change the chart 1y onto spherical

coordinates (0, ¢), 0 <0 <7, 0 < ¢ < 27 in such a way that 0(ny) = /2,
p(np) = 0ie. ny = (1,0,0) and 6(7) = 7/2, (1) = wie. i = (—1,0,0).

Because
1 Lo 1 .
fa(m) = Tr(PsPs) = 5(1—1— <m,m>) = 5(1 — sinf cos p)
" 0?f, O%f 82f 1
which implies that a'l(ng) = a'?(ng) = a**(no) = 0, where a” are the

coefficients in the chart (0, ¢). But it is equivalent to

Ti(e) = TH(@) = Ti (@) = 0

Changing y = [(0,1,0,...,0)] intoy = [(0,0,1,0,...,0)] we obtain that
22 22 22
T2(x) = T2(2) = T2() = 0

and so on. Thus, by the positivity, 7% (z) = 0 for every j, k. Because z was

arbitrary the assertion follows. O

From the above theorem we conclude that the generator B has to be of

the following form
Bu(x) = V(x)u + [ pole,dy)uly) — pola, B)u(a)

with domain D(B) = C'(F) as B is a closed operator. To proceed further

we first need a lemma.

Lemma 8. Let X be a tangent vector to CP, at point P,. Then P, + X >
0 X =0.
Proof. Because X € T,CP, so P,X + XP, = X. It implies that
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P,XP, = 0and P}XP} = 0, where P} = I — P,. It means that in a
0 X*
basis P,’H & PjH X is of the form ( X 0 ) So P, + X is a positive

matrix if and only if X = 0. O

Theorem 9. B = A.

Proof. Because A and B are generators of semigroups which are associated
with T} so for every x € E we have that [(B — A)P](z) = 0. Let x € CP,,.
Then

V(z)P + Z/CP too(z, dy) Py — po(x, E) P, —
a=1 @

> cal(@)Pr, + c(z)Py — v(z)P = 0,

aFag
where g o(z,dy) denotes the restriction of po(z,dy) onto CP,. It is an
operator valued equation so it has to be satisfied for every « separately. So

o ’d p — oY pl’

which implies that oo (z,dy) = co(x)d(z4)(dy). For ag we have
/CP 1,00 (T, dy) Py — po(x, )Py + c(z)Py +V(z) — v(z) = 0
a0

Let us introduce a(x) = ¢(x) — po(x, E) and w(z) = V(z) — v(x). Then
taking the trace of the above equation we obtain a(z) < 0. Let us assume
that a(z) < 0. It implies that

1 1
MO,ao(x7dy)py = pﬁf -

|a(z)] Jer.,

The left hand side of the above equation gives a positive operator and w(zx) €
T,CP,, so, by Lemma 8, w(xz) = 0. Thus we arrive at the contradiction

because fig (7, {x}) = 0. So a(z) = 0 and we obtain that

/CPQO Ho.e0(x, dy) Py + w(z) = 0
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Evaluating the trace we get that i, (7, CP,,) = 0. Because it is a positive
measure so it vanishes on every Borel subset of CP,,. So w(z) = 0 too and
hence A = B. O

Thus we have the uniqueness. In the proof above we used repeatedly the
fact that our Hilbert spaces were finite dimensional. In an infinite dimen-
sional case the problem is much harder and we have no rigorous result. Our

intuition is shaped here only by the infinitesimal argument of Section 3.

5 Conclusions

We have seen that the special class of couplings between a classical and a
quantum system leads to a unique piecewise deterministic process on pure
states of the total system that after averaging recovers the original master
Liouville equation for statistical states. Irreversibility of the master equation
describing time evolution of ensembles is reflected by going from potential
to actual in the course of quantum jumps that accompany classical events.
That is all fine but a natural question arises: what is classical? There are
several options possible when answering this question. First of all the theory
may be considered as phenomenological - then we choose as classical this
part of the measurement apparatus (or observer) whose quantum nature is
simply irrelevant for the given problem. Second, we may think of superselec-
tion quantities [40, 41] as truly classical variables. Some of them may play
an important role in the dynamics of the measurement process - this remains
for a while just a hypothesis. It is to be noticed that Jibu et. al (cf. [4Z],
especially the last section ‘Quantum Measurement by Quantum Brain’puts
forward a similar hypothesis in relation to the possible role of microtubules
in the quantum dynamics of consciousness.

Finally, a careful reader certainly noticed that in the formalism of EEQT one
never really needs C' to be a classical system. It can be a quantum system as
well. What is important it is that the the Liouville evolution preservers the
diagonal of C. Thus the end product of the decoherence program [43, 44, 45],

can be directly fed into the EEQT event engine. The uniqueness result above
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- will be immediately relevant also for this case.
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